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CALENDAR OF SEMINARS

May 13: Denis Vion, (Quantronics group, SPEC-CEA Saclay)
Continuous dispersive quantum measurement of an electrical circuit

May 20: Bertrand Reulet (LPS Orsay)
Current fluctuations : beyond noise

June 3: Gilles Montambaux (LPS Orsay)
Quantum interferences in disordered systems

June 10: Patrice Roche (SPEC-CEA Saclay)
Determination of the coherence length in the Integer Quantum Hall regime

June 17: Olivier Buisson, (CRTBT-Grenoble)
A quantum circuit with several energy levels

June 24: Jérébme Lesueur (ESPCI)
High Tc Josephson Nanojunctions: Physics and Applications
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PROGRAM OF THIS YEAR'S LECTURES
Lecture I: Introduction and overview
Lecture Il: Modes of a circuit and propagation of signals

Lecture lll: The "atoms" of signal

Lecture 1V: Scattering vs hamiltonian description of circuits

Lecture V: Non-linear circuit elements: length and energy
scales of superconductivity

Lecture VI: Amplifying quantum signals with dispersive circuits
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LECTURE IV : SCATTERING vs HAMILTONIAN
DESCRIPTION OF CIRCUITS

OUTLINE

1. Review of previous lecture, purpose of this lecture

2. Link between electrical quantities and photon operators

3. Quantum fluctuation-dissipation theorem

4. Fluctuations of damped harmonic oscillator
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PROPAGATING WAVE AMPLITUDES (CLASSICAL)

_\/\/W\_ A7 (x-v,t) [Aﬂ:WATTs

—é) energy density /—5‘5 /ot + 5 . 7)' = (0 ~energy flux (Poynting vtor) )—

VERVESRYES Ve =(Z, ) A" A;(XJFth)—I\NV\,—

-2

=1 - —(z.)* A

‘2

2 (xt)=|A" (xt)] [ (xt)

L _[L v v A
¢ C, LC,

characteristic propaggtion
impedance velocity

LEARNING TO
QUANTIZE THIS
DISTRIBUTED
ELEMENT SYSTEM
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QUANTIZING CONTINUOUS NODE FLUX OF LINE

For transmisson line, mother field is "node fIL?(D(x,t) = r dtij‘X ; E(Xl,tl)dx1
—0 groun

= a

X

.———— charge density
(xz)] =i (% —X,)

=

Commutation relations: [(i)(xl)

Fourier kingdom: &)[k]:%rwdxé(x)e.ikx ﬁ[k]:%
T T

straight brackets

Ladder operators: a[K]=—= w(|k|)cch)[k]+w1:[[k]}

FIELD LADDER OPERATORS IN FREQUENCY DOMAIN

Introduce new notation ® || =v, K|
extending frequencies to negative A ~s
values, for both positve and negative k: a l[%] o a l[%]
,,,,,,,,,,,, 0
a [_%] =4 [+a)(k0 > 0)} Annihilation
A [-ap]= a' [+a)(—k0 < O)] k
_ L “~.. | Creation
[Courty, Grassia and Reynaud, Europhys.Lett. 46 (1999) 31] “.‘:t 77777777777777777777777 :.:‘..
Mak , ot e
akes sense since: - A A
a -] a’[-a,]
.d . ~
g2 ef] =~JofaJef] ] |
eft movers Right movers

a0l =+ fofal ]
ommutation relations: [é: (1], [WZH =sg(@, - ,)0 (o, +»,)
c tation relations: [87[w] 8 [o,]]=[47 [@].4”[w,]]=0

Hamiltonian:

H =jowhw do {é‘_ [-o]a [o]+a” [-o] é”[a)]} H vac) =0
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INTRODUCING THE RF PHOTON

local cosine basis
Coifman & Meyer '91|

Tiling of t-w plane angular | ;\‘ M
with basis of frequency — \“w“‘“““\‘“‘\‘“\\‘\"”*
orthonormal functions: w 4 ‘\L | H M |
L e Al i Rl A ety v I b
w=0 -
| time
5 t
mo I T 7 br=2x
p
The non-singular representation of photons: THE "AMPLITUDE"
+00 “ ~ ~t ~ OF THE CONTENT
= I doy, [o]d]e] &,=4&, OF THE BOX IS THE
- PHOTON OPERATOR
|:amlp1 ! amz P2 :' =59 (ml —m, ) §n11+m2 591—132 where
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CLASSICS: STEP TILE vs LOCALIZATION BOX
w area =2rx
TILING (first quantization) r (
e I b
t
LOCALIZATION (first quantization)| @ area > 2
1/2
At:U_ (=T |, ()] dt}
+o0 _\2 2 12 i ZACU
Aa):U_m (0-) |l//y [a)]| da)} P
AtAw >1/2 (1={m,p}) 2At t
MAXIMAL LOCALIZATION —> OVERCOMPLETENESS
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CLASSICAL SPECTROGRAM OF SIGNAL

SPECTRUM ANALYZER MEASURES ENERGY PER MODE

<A[a)l]A[a)2]>: Spa [0)1]5[501"‘(02] FORMAL!

A =] dty,, (1AM =] dey,, [0]Alo]

Physicist [W.s]

San[Mb =w](w=h) =<A7mpAnp>(§a):b)

Sp(ImB=v)(ov=B)= <A_mpAnp + A“pA_mp>(5v =B)

Electrical engineer  [W/HZz]

B=b/2x
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Resolution bandwidth (Hz)
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ONE MAIN QUESTION
WE WOULD LIKE TO ANSWER:
HOW DO WE GO BACK AND FORTH

BETWEEN ELECTRICAL QUANTITIES
AND FIELD MODES PHOTON OPERATORS?

a, =J‘7:da) Yo [@]d7 [0] <>

[A[w]} = [power 12 x time] = [action]2 ANSWER:

[a]] =timep P e
IMPLEMENTING SECOND QUANTIZATION




OUTLINE

1. Review of previous lecture, purpose of this lecture

2. Link between electrical quantities and photon operators

3. Quantum fluctuation-dissipation theorem

4. Fluctuations of damped harmonic oscillator
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BACK TO VOLTAGES AND CURRENTS

L I(x
Want expressions for physical variables: ( )
V(%)
Flux: 7777

é(x,t):\/gj*:%{éﬁ [a)] prielt-xle) | ac [a)]efiw(ux/c)}
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BACK TO VOLTAGES AND CURRENTS

—
Want expressions for physical observables: (X)
V(%)
Flux: 7777

_ Zfr j_*:dT“’{aﬂ [w]e ™) 1 & [w]e )

Voltage: 2
V (x,t) =V~ (x,t)+V < (xt) 1/4 Lo—iwa%[m]e (i)

Current:

T(xt)=17(xt) =T (xt) = (xt)= 4”ZI ﬁiwa [w]e”

o(tFx/c)

08-1V-13a

08-1V-13b

BACK TO VOLTAGES AND CURRENTS

Want expressions for physical variables: - I(x)
V(%)

Flux: 7777

hzc o dw A —iw(t—x A —io(t+x

)=1/5Lﬁ{a [w]e (tx1e) | 4 [w]e (t ’°)}

Voltage: =
7 7> 7« _- o(tFx/c)
V (x,8) =V (x,8)+V " (x,t) 1/47[1 i0d” [w]e

Current:

F(xt)=17(xt)-T(xt) 1= (xt)= 4ﬂzj ﬂia}a []e™

io(t¥x/c)

Characteristic scales for Z, ~ 50Q:

hZ, ~0.0360, = o




WAVE AMPLITUDE vs PHOTON OPERATORS

propagation direction

angular frequency
(positive or negative)

operator of field ladder
wave amplitude in operator
Fourier domain

+00 ~ o +o A= 2
Total energy L}O doA™ [-0] A” [0]= L}O dt‘A* (t)‘ (Parseval)

transported by line:

Mode amplitude: Aﬂ B R # l//;p [w] 52 [a)]
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QUANTUM STATE OF THE LINE

Each mode  u={(m, p),(-m, p)} can be excited with an arbitrary number of photons

We obtain the general photon state:

n
0, n,, ) =Ta%
Y7,

vac)

Most general pure state of the line:

1
JERTES

)= [T fvec)
u

Contains all possible forms of entanglement, correlations, etc...

|\P>=c1‘n11,n§,....,n >+cz‘nf,n§,....n2 >+ ..... +cg‘n

IALPEERT
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ANTICOMMUTATOR FOR PURE PHOTON STATE

<{Amp1 ' Aﬂzpz }> - Fnn+m, Oy,

ANTICOMMUTATOR FOR THERMAL STATE

exr{—1 Zhwn} 1 1 11 R
_ kT 7 " (n), +==———+===coth @
p= T ho T 2k, T
1 g’ —1
Trexp| ———=> ha,n,
I(BT H “

ho ho

A A _ m m
<{ATHP1’ A“zpz }>T o 2 coth ZkBT 5m1+m25p1—p2
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OUTLINE

1. Review of previous lecture, purpose of this lecture

2. Link between electrical quantities and photon operators

3. Quantum fluctuation-dissipation theorem

4. Fluctuations of damped harmonic oscillator
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QUANTUM FLUCTUATION-DISSIPATION

THEOREM

1 h|a|

Slalalale)), =N (w)o(o +o,) (e=Feon 5
N (fof) 2

hlel

<{\7: (tl),\iz (tz)}> =—<7z—i°_[::dwl T;l e'i”"tljj:da)z TZ | gt {é: [wl],é: [a)z]}>
= %.[ “do we % coth [h—wj
4z I 2k, T
(V= [aV=[0.)) = S5 [@]5(a+a,) 52 [0] :%hw{coth[z};; ]+1}

QUANTUM FLUCTUATION-DISSIPATION THEOREM

(CNTD)
/= [0N= = 52 [0] = 22 hoo| coth| 12 | 41
<V5[a)l]ve[w2]>:s\7v [601]5(0)1+a)2) w [a)]_T @) co 2k, T +
sw[w]:zchw{coth(zia;)ﬂ} @-{) ( THERMAL STATE
- SVV [a)] 10
Sy [@] =4Sy, [@] 2z,
®>0: emission
< 0: absorption 2 ho
® :
2k, T

-2 0 2 4

Recover results of Johnson-Nyquist noise:

Voltage fluctuations in classical regime: Power flow in classical regime:

Sy [v]= 4k TR P=kyTB
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SEMI-CLASSICAL (GLAUBER) SIGNAL MODE

y COMPNENT

2

t guantum noise
a —a
Xt=(£L £ o —— fuzz disc
“ 2i
QUADRATURE
COMPNENT Im o
Rea
0 | ¥ _<a,,+af,> IN-PHASE

&' = signal mode complex amplitude

a,|a)=ala)

2 :
|a| = signal mode mean energy in photon number wal —a'a
" v

o) =e

0)

@ = signal mode mean phase
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SEMI-CLASSICAL (GLAUBER) SIGNAL MODE

a —a'\! guantum noise
X, =(—+—* o —— fuzz disc
2i
QUADRATURE
COMPNENT Ima
Rea
0 ¢ w _ [+ a,\ IN-PHASE
u 2 COMPNENT
&' = signal mode complex amplitude
a,|a)=ala)
2 ) “
|a| = signal mode mean energy in photon number |a> _ eaal—a*aﬂ O>

6 = signal mode mean phase

Fresnel vector [——» Fresnel "lollypop"

08-1V-19a
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MEASURING MODE WAVE AMPLITUDE
WITH HOMODYNE DETECTION

NOISELESS PHASE SENSITIVE
AMPLIFIER (AMPLITUDE GAIN G,)

A° (t) . b G, (efi(mmw(%)A: + e+i(mmt+®)Ajn)

> ®
bandpass
filter
/ Y AREFGA <e-i®A: Let® Ajm>

RF SOURCE >

@, =(jm|+1/2)b SQUARE LAW

— HYBRID | DETECTOR
A cos[w,t +©] COUPLER / 1

(BEAM-

|ATF| > (A7 (1)) SPLITTER) } |

AV

See M. A. Castellanos-Beltran & K. W. Lehnert, arXiv:0706.2373v1 (2007) 08-1V-20

RF PHOTOMULTIPLIER

Courtesy of D. Prober (2008)

+
= 2
Can we measure n,=aa,n

hQH 7 ) ( 0, LQ,
R=R,+x(T-T,)
AR(1)
k k Poisson arrival k
Click Click Click time

Energy of resistor monitored much more quickly than coherence time of
weak incoming signal

WORK IN PROGRESS
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OUTLINE

1. Review of previous lecture, purpose of this lecture
2. Link between electrical quantities and photon operators

3. Quantum fluctuation-dissipation theorem

4. Fluctuations of damped harmonic oscillator

08:1V-5d

SCATTERING APPROACH TO DRIVEN
DISSIPATIVE CIRCUITS

MAIN IDEA: RESISTANCE IS EQUIVALENT TO SEMI-INFINITE TRANSM'SSION | INE

iiiiiiiiiii

%IDcos(th)

@QMC)

| . L |

A (1): A (t Z -R DRIVE CAN
(9:47(0) C s BE TREATED
oot AS INCOMING
A W SIGNAL
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A KEY POINT

—WW— A (1)

Z. =R

A1) MW

UNLIKE A“(t) AND A”(t), A"(t) AND A™(t) ARE NOT INDEPENDENT

TERMINATING CIRCUIT IMPOSES A STRICT RELATIONSHIP BETWEEN
INCOMING AND OUTGOING WAVES

RESISTANCE-TRANSMISSION | INE EQUIVALENCE

V(1) (1) Jm

{V(t) d(t)=R(I5(t)+ 1, ()= 1(1)) V(‘) ver () — M\

D V(1) =V"(0)+V* (1)

C(D +E+ - I (t)+ I (t) Vinlout (t) — chlz Ain/out (t)
. : ()= I"‘(t)—l"“‘ (1)
5. @ @ L+ (1) \Y, ZIl()=2v" ) .
CD+E+E— C (t)+ c (t) (t) Im/out (t):zc—llz Amlout (t)
O +2ID + iD= 4TV " (1) Vo (t)=d-V"(t)
_ 1 resonance 1 amplitude @, quality
@o = /LC frequency I'= 2RC rat(::a(ln—]l?/:/nl—?M) or 2>1 factor
08-1V-23
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ANOTHER POINT OF VIEW: HAMILTONIAN
APPROACH OF CALDEIRA AND LEGGETT

)] standing oscillator modes

l L:l LZ L,u
Em el ) B ool ol o]

T &T ST

nb. of oscillators N — o

772
H §+i+i{&+m] Re[Y[coﬂﬂ:\/? o, = /Llc

2L 2 i 2Cy 2L/
1 .
Zy[o]= 1, V(o] (i=-)
—+ jCw+Y|w
jLo A~ +o0 hZ
<‘Dz>:i do T[a)]coth ho
27 4 20 2k, T
. 2 o hol
<Q2>:— P T[w]coth ho
2m 2kBT 08-1V-29

NEXT LECTURE:

1) NON-LINEARITY INTRODUCED IN CIRCUITS
BY JOSEPHSON TUNNELING

2) ACTIVE QUANTUM CIRCUITS
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