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FIG. 1. Schematic description of the experiment. a, Colorized optical micrograph of the microwave resonator formed by a spiral
inductor shunted by a parallel-plate capacitor. b, Colorized scanning electron micrograph shows the upper plate of the capacitor is
suspended ∼50 nm above the lower plate and is free to vibrate like a taught, circular drum. The metallization is sputtered aluminum
(blue) patterned on a sapphire substrate (black). c, This circuit is measured by applying microwave signals near the electrical resonance
frequency through resistive coaxial lines. The outgoing signals, in which the mechanical motion is encoded as modulation sidebands of
the applied microwave tone, is coupled to a low noise, cryogenic amplifier via a superconducting coaxial cable. Cryogenic attenuators
on the input line and isolators on the output line ensure that thermal noise is reduced below the vacuum noise at microwave frequencies.
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structure and subsequently patterning the qubit. The fabrication pro-
cess involved 13 layers of lithography, including metal and dielectric
deposition and etching steps (Supplementary Information). In the last
step, the device was exposed to xenon difluoride gas to release the
mechanical resonator. A photomicrograph of a completed device is
shown in Fig. 2.

Our quantum electrical circuit is a Josephson phase qubit23,24,30

comprising a Josephson junction shunted in parallel by a capacitor
and an inductor. The qubit can be approximated as a two-level
quantum system with a ground state, jgæ, and an excited state, jeæ,
separated in energy from jgæ by DE, whose transition frequency,
fq5DE/h, can be set between 5 and 10GHz. The qubit frequency is
precisely controlled by a current bias, which is applied using an
externalmagnetic flux coupled through the parallel inductor. The state
of the qubit ismeasured using a single-shot procedure23; accumulating
,1,000 such measurements allows us to determine the excited-state
occupation probability, Pe (Supplementary Information). We have
previously used the phase qubit to perform one- and two-qubit gate
operations24, to measure and quantum-control photons in an electro-
magnetic resonator27,28 and to demonstrate the violation of a Bell
inequality31. Here the qubit and the mechanical resonator are coupled
through an interdigitated capacitor of capacitance Cc< 0.5 pF, to
maximize the coupling strength between thequbit and resonatorwhile
not overloading the qubit. The coupled system can be modelled using
the Jaynes–Cummings Hamiltonian32, allowing us to estimate the
coupling energy, g, between the mechanical resonator and the qubit.
This energy involves the coupling capacitance as well as the electrical
andmechanical properties of themechanical resonator, as described in
ref. 5; the corresponding coupling frequency is designed to beV5 2g/
h< 110MHz. The equivalent electrical circuit for the combined res-
onator and qubit is shown in Fig. 2b.

Quantum ground state

The completed device was mounted on the mixing chamber of a
dilution refrigerator and cooled to T< 25mK. At this temperature,
both the qubit and the resonator should occupy their quantum

ground states. To study the cooled device, we performed microwave
qubit spectroscopy23 to reveal the resonant frequencies of the com-
bined system, using the pulse sequence shown in Fig. 2c. We mea-
sured the excited-state probability, Pe, as a function of the qubit
frequency and the microwave excitation frequency, as shown in
Fig. 2d. The qubit frequency tunes as expected23,30 and displays the
characteristic level avoidance of a coupled system as its frequency
crosses the fixed mechanical resonator frequency, fr. Similar observa-
tions have been made using optomechanical systems33.

We note that themechanical resonator produces two features in the
classical transmission measurement shown in Fig. 1d, generating a
maximum (at fr) and a minimum (at fs) in the response. When
coupled andmeasuredusing the qubit as in Fig. 2, the lower-frequency
resonance, at fs, does not produce a response, as this resonance does
not correspond to a sustainable excitation of the complete circuit.
However, the higher-frequency feature, at fr, does sustain such excita-
tions and thus appears in the spectroscopic measurement.

To determine the coupling strength between the qubit and the
mechanical resonator, we fitted the detailed behaviour near the level
avoidance, as shown in Fig. 2e. The fitted qubit–resonator coupling
strength, V< 124MHz, corresponds to an energy transfer (Rabi-
swap) time of about 4.0 ns, and is in reasonable agreement with
our design value.

We then performed a second spectroscopy measurement, similar
to the qubit spectroscopy but coupling the microwaves to the mech-
anical resonator through the capacitor of capacitance Cx shown in
Fig. 2b, rather than to the qubit. In thismeasurement, shown in Fig. 3,
the mechanical resonator acts as a narrow band-pass filter, so signifi-
cant qubit excitation (large Pe) should only occur near the mech-
anical resonance frequency, fr, as observed. In general, the spectrum
looks very similar to that measured while exciting the qubit, provid-
ing strong support that the fixed resonance is indeed due to the
mechanical resonator.

For higher-power microwave excitations, a new feature emerges in
the resonator spectroscopy, as shown in Fig. 3b. The qubit, although
approximated as a two-level system, actually has a double-well
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Figure 1 | Dilatational resonator. a, Scanning electron micrograph of a
suspended film bulk acoustic resonator. Details on the fabrication of the
resonator appear in Supplementary Information. The mechanical structure
was released from the substrate by exposing the device to xenon difluoride,
which isotropically etches any exposed silicon; the suspended structure
comprises, from bottom to top, 150 nm SiO2, 130 nm Al, 330 nm AlN and
130 nm Al. The dashed box indicates the mechanically active part of
structure. b, Fundamental dilatational resonant mode for the mechanically
active part of the resonator. The thickness of the structure changes through
the oscillation cycle. c, Equivalent lumped-element circuit representation of
the mechanical resonator, based on a modified van Dyke–Butterworth
model26,38. This circuit includes a series-connected equivalent mechanical
inductance Lm and capacitance Cm and a parallel geometric capacitance C0,
with mechanical dissipation modelled as Rm and dielectric loss as R0.
d, Measured classical transmission, |S21 | (blue), and fit (red) of a typical
mechanical resonance. The transmission has two features: one, at the

frequency fs< 1/2p
ffiffiffiffiffiffiffiffiffiffiffiffi
LmCm

p
< 6.07GHz, due to the series resonance of the

equivalent mechanical components Lm and Cm, and one, at the slightly
higher frequency fr< 1/2p

ffiffiffiffiffiffiffiffiffiffiffi
LmCs

p
< 6.10GHz, due to Lm and the equivalent

capacitance, Cs, of the capacitors Cm and C0 in series. These expressions are
approximate, as they do not take into account the effect of the dissipative
elements and external circuit loading. Inset, equivalent circuit for the
resonator (Z, as shown in c) embedded in the measurement circuit,
including two on-chip external coupling capacitors with Cx5 37 fF and an
inductive element with Ls< 1 nH that accounts for stray on-chip wiring
inductance. Measurement is done using a calibrated network analyser that
measures the transmission from port 1 to port 2. We calculate C05 0.19 pF
scaling from the geometry, and from the fit we obtain Cm5 0.655 fF,
Lm5 1.043mH, Rm5 146V and R05 8V. These values are compatible with
the geometry and measured properties of AlN29. We calculate a mechanical
quality factor of Q< 260 and a piezoelectric coupling coefficient of
k2eff < 1.2% (ref. 38).
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ωcav

I cos(ωcavt) + Q sin(ωcavt)

Example: measuring the state of a Qbit

|0〉

|1〉

α|1〉 ⊗ |α1〉+ β|0〉 ⊗ |α0〉

α|1〉 + β|0〉

[see Lecture V] 
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not quantum limited

Why do we need good amplifiers ?

|0〉

|1〉

α|1〉 ⊗ |α1〉+ β|0〉 ⊗ |α0〉

α|1〉 + β|0〉
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I cos(ωcavt) + Q sin(ωcavt)

strong measurement
single shot

Why do we need good amplifiers ?

quantum limited

|0〉

|1〉

α|1〉 ⊗ |α1〉+ β|0〉 ⊗ |α0〉

α|1〉 + β|0〉

Goal: evolution of the quantum object directly given by the measurement outcome



âout =
√
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Two kinds of linear amplifiers
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best commercial amplifiers

Transistor at 4 K
Bandwidth ~ 10 GHz

Gain ~ 30-40dB

âout =
√
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phase preserving
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Two kinds of linear amplifiers
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Core of the amplifier: 3‐wave mixing

Ω
ωi

ωs

Basis of amplification
stimulated emission

ĤMix = !g(3)(a†Sa†IaP + aSaIa
†
P )

[see Lecture III] 

pump

signal

idler

ĤMix|1S , 0I , αP 〉 = αP !g(3)|2S , 1I , αP 〉



Implementa<on in op<cs: non‐linear crystal

ĤMix = !g(3)(a†Sa†IaP + aSaIa
†
P )

ĤMix|0S , 0I ,αP 〉 = αP!g|1S , 1I ,αP 〉

Ω
ωi

ωs spontaneous parametric 
down-conversion

χ(2) non-linear crystalpump

signal

idler



How to reach the quantum limit for microwaves ?

Need to minimize the number 
of information channels to 3

GHz signals

superconducting circuits no dissipation
collective degree of freedom

no thermal photons at dilution 
fridge temperatures

proper filtering no external 
electromagnetic noise

∆N̂ 2 ≈ G− 1
2 Ω

ωi

ωs



Cavi<es

Ω
ωi

ωs

3-wave mixing term needed
ĤMix = !g(3)(a†Sa†IaP + aSaIa

†
P )



I0

Non linear element: Josephson junc<on
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5 µm
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U = −ϕ0I0 cos(ϕ)



I0

Non linear element: Josephson junc<on

ϕ

ϕ

ϕ0I0

−ϕ0I0

−π π0

5 µm

U
Ibias = 0.2I0

U = −ϕ0I0 cos(ϕ)− Ibiasϕ0ϕ

∝ ϕ3



I0

Non linear element: Josephson junc<on

ϕ

ϕ

ϕ0I0

−ϕ0I0

−π π0

5 µm

U
Ibias = 0.2I0

U = −ϕ0I0 cos(ϕ)− Ibiasϕ0ϕ

∝ ϕ3

to get a†Sa†IaP , we use ϕϕϕ

need to decompose ϕ3 !→ ϕϕϕ



Josephson Parametric Converter (JPC)

I0

I0I0

I0

X

Y

Z

Φ

spatial decomposition using a ring

symmetry forbids undesired terms

XY X3 XY 2

Φ⇔ Ibias
∼

magnetic flux provides current bias

[see Lecture III] 

but phase slips possible !

U = αXY Z + µ(X2 + Y 2 + Z2) + O(. . .4)



H ≈ αXY Z + µ(X2 + Y 2 + Z2)

as + a†s
ai + a†i

Ap cos(Ωt + ϕp)

Josephson Parametric Converter (JPC)

Ω
ωi

ωs

[Bergeal et al., Nat. Phys. (2010)]
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Josephson Parametric Converter (JPC)

G =
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[Bergeal et al., Nat. Phys. (2010), Lecture III]
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Realiza<on

2 mm

10 µmI0 ≈ 5 µA



Δ Σ
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Cabling of the dilu<on fridge
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Resonance frequency as a func<on of field
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3‐wave mixing with the Josephson ring

H ≈ αXY Z + µ(X2 + Y 2 + Z2)

Φ = Φ0/2
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Gain as a func<on of pump power
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How to improve the JPC ?

I0

I0I0

I0

X

Y

Z

Φ

frequency tunability with the flux cannot be tuned if stability required

robustness of the amplifier requires stability

Φ⇔ Ibias
∼

magnetic flux provides current bias

phase slips possible !



How to improve the JPC ?

I0

I0I0

I0

X
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ideally,
!Bext

ϕext

ϕext

4

ϕext
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4
ϕext

4

but phase slip because

LJ =
ϕ0

I0 cos(ϕext/4)

goes negative when ϕext/4 >
π

2

Φ⇔ Ibias
∼

magnetic flux provides current bias

phase slips possible !



How to improve the JPC ?

Φ⇔ Ibias
∼

magnetic flux provides current bias

phase slips possible !
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New genera<on

10 µm
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Gain as a func<on of magne<c field
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Varying the cri<cal current

small I0

medium I0

large I0
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Δ Σ
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Noise calibra<on

Normal metal tunnel junction:
a good noise source
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Noise measurement

eV

!ω

2

kBT

!ω
Rt, Ct

Z0

Z0

!5 !3 !1 1 3 50

1
2

1

3
2

2

5
2

RtSII(ω)
4!ω

∝ eV

2!ω

Pn

!ω ! kBT ⇒ RtSII(V,ωS) = Max(2|eV |, 2!ωS)

Pn(ωs) =
Z0SII(ωs)

4
∆ω if Rt = Z0 and RtCtωS ! 1

!=
√

(eV )2 + (!ωS)2

perfect matching



Δ Σ

Pump

V

SA

!"#$

!"#$

SA

!5 !3 !1 1 3 50

1
2

1

3
2

2

5
2

Noise measurement

2

kBT

!ω

S50 Ω(ωI) =
!ωI

2

!ωS , !ωI ! kBT

STJ(V,ωS) = Max(
|eV |
2

,
!ωS

2
)

eV

!ω

S

!ω

Stot = Gtot(S50 Ω(ωI) +
ωI

ωS
STJ(ωS))



Noise measurement

fpump = 14.071 GHz, Ppump = −3.56 dBm, Icoil = 3 µA
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Noise measurement

fpump = 14.071 GHz, Ppump = −3.56 dBm, Icoil = 3 µA
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Noise measurement

x insertion loss
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STJ(ωS) + (1−D)

ωI

ωS
S50 Ω)

D =
4RtRe[Zenv(ωS)]
|Rt + Zenv(ωS)|2 ≈ 0.38− 0.71



Noise measurement

fpump = 14.071 GHz, Ppump = −3.56 dBm, Icoil = 3 µA
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Noise as a func<on of temperature
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note: other junction and amplifier

RtSII(ω) = (eV + !ω) coth
(

eV + !ω

2kBT

)
+ (eV − !ω) coth

(
eV − !ω

2kBT

)



Conclusions
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Ring of 4 Josephson junctions in cavity realizes a 
non-degenerate parametric amplifier for 

microwave photons

Bandwidth tunability and stability 
achieved using additional inductances

[Bergeal et al., Nat. Phys. (2010)]
[Bergeal et al., Nature (2010)]

Proper calibration of attenuation between 
noise source and amp needed to prove 

quantum limit is reached
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