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PLAN

òProtection: symmetry and  hardware error 

correction

òJosephson implementation: larger and 

minimalistic systems.

òComparison between different designs

òChallenge of numerical simulations

òThe most promising design (currently)

òExperiment: advances and problems.



REPETITION CODE
Classical repetition code (5 physical bits correct 2 errors):  

|Logical 0> = |00000>

|Logical 1> = |11111> 

Quantumrepetition code:

|C 0> = |00000>

|C 1> = |11111>

- protect against the flips (X-errors)

| +> = 1/ã2 (|C 0> + |C 1>) 

|- > = 1/ã2 (|C 0> - |C 1>) 

To protect against phase errors (Z-errors) form 

|Logical +> = |+++++>

|Logical - > = |- - - - ->

In matrix form:

25 physical qubits to correct

two errors and store 1 logical 

|00000> + |11111>

|00000> + |11111>

|00000> + |11111>

|00000> + |11111>

|00000> + |11111>

|00000> - |11111>

|00000> - |11111>

|00000> - |11111>

|00000> - |11111>

|00000> - |11111>



HARDWARE ERROR CORRECTION

In matrix form:

25 physical qubits to correct

two errors and store 1 logical 

|00000> + |11111>

|00000> + |11111>

|00000> + |11111>

|00000> + |11111>

|00000> + |11111>

|00000> - |11111>

|00000> - |11111>

|00000> - |11111>

|00000> - |11111>

|00000> - |11111>

Main idea:

Find the physical system in which the lowest two states are given by the same

wave function as two logical states in the error correction scheme. All excited

states should be separated by a large gap from two lowest logical states.
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PROTECTED QUBIT:SYMMETRYVIEW

Protected Doublet:

Special Spin Hamiltonians H with a large 

number of (non-local) integrals of motion P, Q: 

[H,Pk]=0, [H,Qm]=0, [Pk,Qm]Í0

Pk

Qm

Simplest Spin Hamiltonian 

H=Ɇkl J x
klů

x
k ů

x
l + Ɇkl J z

klů
z
k ů

z
l 

Rows Columns

Pk=Ølů
z
l Qk=Ølů

x
l

Crucial issues:

1. Which model has a large gap ȹ?

2. Which model is easiest to realize in Josephson junction arrays?

Any physical (local) noise term ŭH(t) commutes with

all Pk and Qm except a O(1) number of each.

Effect of noise appears in N order of the perturbation

theory:

ŭE~(ŭH(t) /ȹ)N-1ŭH(t) 



Solution of the model:

Ground states of one row:

|GS 1> = |ŸŸŸŸŸ>  GS 2> = |ŶŶŶŶŶ>

|Ÿ>=(|ŷ>+|Ź>)/ã2         |Ŷ>=(|ŷ>-|Ź>)/ã2

|+>=|GS 1>+ |GS 1> - has even number of spins down Pz|+>=|+>

|-> =|GS 1> - |GS 1> - has odd  number of spins down  Pz|->=-|->

Ground state of the whole system:

|1>= Øl |+>l and |0>= Øl |->l

EQUIVALENCE OF SYMMETRY AND 

ERROR CORRECTION

Symmetry:

Special Spin Hamiltonians H with a large 

number of (non-local) integrals of motion P, Q: 

[H,Pk]=0, [H,Qm]=0, [Pk,Qm]Í0

Special very symmetric Hamiltonian 

H=-Ɇjkl J xůx
jků

x
jl - Ɇkl J z Pz

k P z
l

Pz
k= Ølů

z
kl - row product

Rows Columns

Pk=Ølů
z
kl Ql=Øků

x
kl

All Pk and Ql anticommute

Ground state of the model Hamiltonian is the doublet of repetition code!



TWO ALTERNATIVES

ò Identify and implement very symmetric 

Hamiltonian with a smallest possible 

number of Josephson junctions and islands, 

all very well controlled. 

Example: tetrahedral symmetry. 

ò Implement larger arrays with only 

approximate symmetries that compensate a 

lack of control by the size of the array. 



TETRAHEDRAL QUBIT: SMALLEST JJ ARRAY
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NEW PROPERTIES

Usually,  we deal with two states  separated by a 

classical barrier, e.g., in a 2j-junction,

0 p j

0

2EJ

In the magnetically frustrated tetrahedron with 

conventional cosj-junctions, we encounter a 

continuous classical degeneracy, 

0 p j
0

V

Only when quantum fluctuations are accounted for, 

we obtain a fluctuation-induced weak potential,

0 p j
0

Ef

This enhances charge/quantum fluctuations without the 

need to go to ultra-small junctions

The tetrahedral symmetry 

group

Td or S4

is non-Abelian and contains

nontrivial representations,

Symmetry

  

24=g= d
k

2=12+12+22+32+32

k=1
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Push this doublet to become the 

ground state and use it as a quantum 

bit. 

This emulates a 

spin 1/2 in a zero magnetic field,

the ideal starting point for the 

construction 

of a qubit.

via
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SYMMETRIC MINIMAL-ENERGY STATES

-p
-p

p

p
-p

p

  
O

1

  
O

2

  
O

3

 0 p



The Hamiltonian describing the mixing

between the semi-classical states

takes the form

and produces the eigenvalues

MIXING

Within a full 

quantum mechanical 

description, 

all the points   

are mixed through tunneling.
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The tunneling amplitude  t 
involves a non-trivial phase and

a modulus to be calculated within 

a semi-classical approximation



TUNNELING

Two inequivalent tunneling trajectories 

produce an 

Aharononv-Bohm-Casher phase
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Combining with the tunneling action

we find the tunneling amplitude
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ISOLATED   VS. CONNECTED TETRAHEDRON
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MEASUREMENT: OPERATOR sZ
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Unbiased state, carries no currents on 

links and no polarization charges on the 

islands.

Charge-biased state, carries currents on 
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Similarly flux bias distinguishes states

|0> and |1>



TETRAHEDRAL QUBIT: CONCLUSION

òMinimal system: three islands, 6 junctions. 

òTetrahedral group contains many ôredundantõ 

symmetries ɷ protection

òNeeds both charge and flux frustration

òAllows measurement in charge and phase 

basis. 



REALIZATION OF INDIVIDUAL SPINS/BITS AND 

THEIR INTERACTION: MODULAR APPROACH

H H

Fixed phase 

ū=0 or ˊ

Fixed phase 

ū=0

Discrete states of each rhombus: |ű= + /́2>, |ű= - /́2>, 

Only simultaneous flips are possible: H = t ůx
k ů

x
l 

Longer chains:  H=t Ɇk,m  ů
x
k ů

x
m  + constraint Øků

z
k=const 

Large capacitor preventing phase 

changes of the end point. 

ū=± /́2



JOSEPHSON IMPLEMENTATION OF 

REPETITION CODE

H = t Ɇk,m  ů
x
k ů

x
m  + constraint Øků

z
k=const

|GS 1> = |ŸŸŸŸŸ>  GS 2> = |ŶŶŶŶŶ>

Protecting against the phase errors (in original basis) no 

protection against flip errors: V(ɣ) = - V2 cos(2ɣ)  :  V2 is too small 

Phase at the end of the chain: ɣ=± /́2

Ɋ=± /́2



WHERE IS THE CATCH?

ò Josephson elements are not discrete. 

Noise suppression contains 

ǂ~ transition amplitude 

ɷ we need large quantum fluctuations, i.e. E2J/EC~1.

But large quantum fluctuations ɷ low phase rigidity across

the chain V(ǵ) = - V2 cos(2ǵ) with

ɷ for long chains V2  becomes too small even for large number K of parallel 

chains. 
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RESOLUTION: FIRST ATTEMPT.
FEW (K>1) PARALLEL CHAINS FOR N=2-4

Fixed phase 

ū=0

V(ū) = K Vchain(ū)

Ceff = K Cchain

Need K2ȹvchain / Ec chain >>1

Ec 4 rhombi chain ~ Ec

Need K~10-20

Dynamical phase ū

Gap too small


